The contactless inductive flow tomography (CIFT) aims at reconstructing the velocity field of electrically conducting fluids, with special focus on applications in metallurgy and crystal growth technologies. The method relies on the induction of secondary magnetic fields if the moving fluid is exposed to a primary magnetic field. The theoretical foundation of the method is delineated, and some early experiments on the reconstruction of the three-dimensional flow in a cylinder are sketched. Then, the recent efforts to apply CIFT to various model problems in connection with the continuous casting of steel are summarized.
Introduction
In many metallurgical and crystal growth applications it would be highly desirable to monitor the velocity field of the metal or semiconductor melt. The opaqueness of those melts prevents the use of optical measurement techniques, such as laser Doppler anemometry (LDA) or particle image velocimetry (PIV). Nonoptical flow measurement techniques, using ultrasonic beams or special probes (pressure probes and potential probes), face problems, too, if the melts are hot and/or chemically aggressive. A nonintrusive or, better, a completely contactless method for flow reconstruction would be most helpful in these cases.
The contactless inductive flow tomography (CIFT) [1] promises to provide at least a rough picture of the flow by applying primary magnetic fields to the melt and by measuring the flow induced (secondary) magnetic field perturbation outside the fluid volume. The inverse problem of determining the flow velocity from those induced magnetic fields is, in some sense, quite similar to the corresponding problem in magnetoencephalography (MEG) where electric currents in the human brain are to be identified [2] . A significant difference between CIFT and MEG is, however, that the wanted velocity field is divergence-free which gives an additional constraint for the inverse problem. The still remaining nonuniqueness can be overcome by using appropriate regularization methods, such as Tikhonov regularization and the L-curve technique [3] , in which a certain quadratic functional of the velocity, for example, the kinetic energy or the squared curvature, is additionally minimized.
A further difference to MEG is the fact that the primary magnetic field can be applied in various directions. As long as the typical time for velocity changes is larger than the switching times for the different applied fields, this allows collecting more information about (basically) the same velocity field which further reduces the uncertainties.
Despite some similarities in the measurement concept, CIFT must be distinguished clearly from the magnetic induction tomography, sometimes also called mutual inductance tomography (MIT) [4, 5] . While the former relies on induced currents due to the interaction of a moving liquid with an applied DC or relatively low frequency AC magnetic field, the latter aims at reconstructing conductivity distributions in a body by utilizing the eddy currents which are induced in a relatively high frequency AC magnetic field.
With the intention to give a self-contained introduction to CIFT, we start by reiterating the basic mathematics for the forward and the inverse problem as it had been developed some fifteen years ago [6] [7] [8] . In Section 3, we summarize the results of first test experiment which had shown the applicability of CIFT for the reconstruction of three-dimensional velocity fields [1] . With view on the later application to the continuous casting of steel [9] [10] [11] [12] [13] , we focus then on the reduction of CIFT to the (essentially) two-dimensional geometry of slab-casting for which some experimental results are illustrated. In this context we also present some new results evidencing the feasibility of CIFT in the presence of a strong magnetic brake field. The paper concludes with an outlook on future methodological developments and possible industrial implementations of CIFT.
Mathematical Foundation
In this section we give a short outline of the theory of CIFT. For more details, in particular concerning the nonuniqueness problem of the ill-posed inverse problem, we refer the reader to the previous papers [6] [7] [8] .
We consider an electrically conductive fluid with a velocity field v, that is, for the moment, assumed to be steady. Imagine this moving fluid to be exposed to a stationary magnetic field B. Then, according to Ohm's law in moving conductors, the current density
is induced, where is the electrical conductivity of the fluid and denotes the electric scalar potential. According to BiotSavart's law [8, 14] , this current density j induces now a secondary magnetic field b at a given position r:
In the volume integral, denotes the volume element and r the position vector in the volume. In the surface integral, denotes a surface element and n(s ) denotes the normal vector of the surface at the position s .
It is essential to not forget the second term on the r.h.s. of (2) (early attempts [15, 16] to develop a magnetic flow tomography were flawed by this omission). Only in very special cases, for example, if a simple poloidal flow is exposed to an axial magnetic field so that the induced current flows only in azimuthal direction, the second term is zero. If, however, a purely azimuthal flow is exposed to an axial field, the second term completely cancels out the first term.
Exploiting the fact that j is divergence-free, one can derive from (1) a Poisson equation for the electric potential:
According to Green's theorem, the solution of this Poisson equation fulfills the boundary integral equation
if insulating boundaries are assumed. In general, the total magnetic field B under the integrals of (2) and (4) is the sum of an externally applied primary magnetic field B 0 and the induced secondary magnetic field b itself. The ratio between b and B 0 is proportional to the magnetic Reynolds number, defined as
with and V denoting characteristic length and velocity scales of the fluid, respectively. For large values of and suitable flow topologies, it is possible to achieve self-excitation of a magnetic field. In this case, one can obtain solutions of (2) and (4) even for B 0 = 0. Such homogeneous dynamos have indeed been studied [14, 17] by solving the integral equation system (2) and (4).
However, in most industrial applications is smaller than 1. To take continuous casting of steel as a typical example, with a mould width of 1 m, a typical flow velocity of 0.1 m/s, and a conductivity of the liquid steel of 7 ⋅ 10 5 S/m, we arrive approximately at = 0.1. In such cases, B can be replaced by B 0 under the integrals in (2) and (4) . In this approximation, we get a linear inverse problem for the determination of the velocity field v from the induced magnetic field b measured in the exterior of the fluid. Of course, the unknown electric potential at the fluid boundary must not be neglected and has to be treated in due manner.
We assume now different external magnetic fields B 0, to be applied to the fluid. Suppose, for each B 0, , all measured induced magnetic field components to be collected into an -dimensional vector with the entries 0, . Accordingly, the discretized electric potential at the surface is collected into an -dimensional vector with the entries 0, , and the desired velocity v in the volume is discretized as an Vdimensional vector with the entries V . Then, (2) and (4) can formally be written in the following matrix form:
Note that only the matrices R 0, and T 0, depend on the applied magnetic field B 0, , whereas the matrices S and U depend on the geometry only.
A peculiarity of (7) is well known from magnetoencephalography (MEG) [2] . Actually, the matrix (I − U) is singular which indicates the fact that the electric potential is defined only up to an additional constant. This problem can be circumvented by using the so-called deflation method [2] , replacing (I − U) by the well-conditioned matrix (I − U) defl . Inserting the solution of (deflated) equation (7) into (6) we end up with a single linear relationship between the desired velocity field and the measured magnetic field in the form
For further details of the numerical solution of this equation, in particular concerning the accurate computation of the boundary integrals, see [18] . We can now derive the velocity by solving the normal equations arising from the minimization of the following total functional of the velocity field:
with 0,
where Δ denotes the volume of the element at the grid point . The first sum over the functionals 0,
is the most essential one as it represents the mean squared residual deviation of the measured magnetic fields ,modeled modeled according to (8) .
The functional div [v] enforces the velocity field to be solenoidal, and the last functional pen [v] is the regularization functional which tries to minimize the kinetic energy. are the a priori errors for the measured induced magnetic fields. div is chosen very small in order to ensure the divergence-free condition. The parameter to play with in the regularization procedure is pen . Here we employ the so-called Tikhonov regularization [3] : by increasing the regularization parameter 2 pen , one obtains solutions of the inverse problem with increasing kinetic energy of the flow. The optimal solution is then found at the point of strongest curvature of Tikhonov's L-curve which is done by an automatic search described in [18] .
The above equation system is valid for the case of different applied magnetic fields and a fully three-dimensional flow. It can, however, also be adapted to the essentially twodimensional case of slab-casting, where only one (basically vertical) magnetic field 0, is applied. In this case, the dimensional reduction of the velocity structure from 3D to 2D can be realized by adding an additional functional
which enforces the velocity to be two dimensional by setting to zero the component V (which is parallel to the narrow faces of the mould). Optionally, the mean velocity at some inlet points ∈ inlet can be prescribed by the functional
It should be noted that regularization based on some reasonable norm of the velocity is actually more than only a trick since in most cases the assumption of a rather smooth velocity field is sensible from a physical point of view. For the same reason it is clear, however, that the method is not suited to detect very small vortices in a strongly turbulent flow (see [7, 8] for the corresponding uniqueness problem).
A Three-Dimensional Flow Reconstruction Problem
The first demonstration experiment [1] for CIFT aimed at reconstructing a propeller-driven three-dimensional flow of a liquid metal in a compact cylindrical vessel (see Figure 1(a) ). We used 4.4 L of the eutectic alloy GaInSn which is liquid at room temperature. The flow was produced by a motordriven propeller with a diameter of 6 cm inside a cylindrical polypropylene vessel with radius = 9 cm. The height of the liquid metal is 17.2 cm, yielding an aspect ratio close to 1. For determining both the poloidal flow (in radial and axial direction) and the toroidal flow (in azimuthal direction), we applied subsequently a vertical 0, and a horizontal 0, magnetic field, both produced by Helmholtz-like coil pairs. The switching between the two fields occurs every 3 seconds, so that after 6 seconds all the magnetic field information was available for the velocity reconstruction. Admittedly, this is a rather poor time resolution, which can be significantly enhanced, with a physical limitation given by the magnetic decay time 0 2 , which is in the order of 0.05 s for the demonstration experiment.
Journal of Sensors
For each of the two applied fields, 0, and 0, , the components of the induced fields normal to the surface were measured at 48 positions, which are rather homogeneously distributed all over the surface of the cylindrical vessel. Journal of Sensors induced and the applied fields demands for a very stable current source of the Helmholtz-like coils, for a very stable relative position of Hall sensors and coils, and for significant effort to compensate drift and sensitivity changes of the Hall sensors (e.g., due to varying temperature). By inverting the measured induced magnetic field data by the method described in the previous section, it was possible to distinguish clearly between upward and downward pumping of the propeller, with the rotational component being reduced by guiding blades in the case of upward pumping. For upward pumping, Figures 1(b) and 1(c) show the measured induced fields for applied 0, and 0, , respectively, and Figure 1(d) depicts the velocity field as reconstructed from these two sets of information. The comparison with UDV measurements has shown a good coincidence of the resulting velocity fields [1] . Later, an additional confirmation of the flow was provided by Lorentz force velocimetry (LFV) measurements [19] .
Dimensional Reduction: Application to Slab Casting Problems
In the continuous casting of steel slabs, the liquid metal flows from a tundish through a submerged entry nozzle (SEN), with typically two sideward directed ports at the lower end, into the mould where it starts to solidify at the water cooled copper walls. The flow structure in the mould plays a key role for the quality of the produced steel [20, 21] . Most desirable is a stable double-roll flow structure in which the two jets emanating from the SEN ports first reach the narrow-faces of the mould and then split into upward and downward directed branches. In contrast to that, the so-called single-roll structure, with the jets being sharply bent upward after leaving the SEN ports, is considered dangerous since it could lead to entrainment of casting powder into the steel. Any sort of online-monitoring of the detailed flow-structure in the mould could allow for an active control of the casting process, with the prospect to increase the possible casting speed significantly. As a contactless method, CIFT suggests itself for such monitoring, although the problem of the copper-mould oscillations makes its implementation in the industry still a formidable task. As a first step in this direction, we have installed a simplified CIFT system at the small continuous casting model Mini-LIMMCAST, working also with the GaInSn alloy ( Figure 2) . The simplification concerns the restriction of the CIFT system to a single magnetic field coil which produces a mainly vertical magnetic field. This configuration is sufficient for the determination of the velocity component parallel to the wide faces of the mould [9] , which is indeed the dominant one for the particular case of slab-casting. The induced fields are measured by fluxgate sensors positioned at the narrow faces of the mould, typically at 7 positions on either side. In addition to CIFT, we have utilized a mutual inductance tomography (MIT) system for determining the conductivity distribution in the SEN, which allows visualizing the details of the two-phase GaInSn/Argon flow [10, 13] . The simultaneous utilization of CIFT and MIT leads to a detailed understanding of the two-phase flow in the SEN and of the resulting flow in the mould. Figure 3 illustrates various flow structures that had been detected during one run of the experiment, including double-roll and single-roll structures occurring on different sides of the mould.
Going to the Limits: CIFT in the Presence of a Strong Electromagnetic Brake
In the following we will show that CIFT is able to work even under the extreme condition that a strong static magnetic field is applied in addition to the measuring field. In continuous casting such strong fields are frequently used as electromagnetic brakes (EMBr) in order to influence the flow in the mould, and a lot of work is devoted to investigate their mode of operation and efficiency [22, 23] . Again, the experiments were conducted at the Mini-LIMMCAST slab caster model. This time, however, the induced magnetic fields were measured with 2 × 7 cylindrical induction coils positioned at the narrow faces of the caster model (the presence of the strong field prohibits the use of fluxgate sensors which would saturate approximately at 2 mT). Each induction coil has 340,000 windings with a conductor diameter of 25 m. The signals from the coils were amplified by 20 dB using differential amplifiers made by FEMTO before being digitalized by an AdWin 18-bit-analogdigital-converter system. Since the induction coils pick up the superposition of the excitation field and the induced field, it is crucial to have a highly linear signal processing system. A ruler-type brake was used to generate a DC magnetic field perpendicular to the wide faces of the mould and hence to the main flow direction (Figure 4 ). At first, Figure 5 shows a snapshot of the measured magnetic fields at 2 × 7 positions and the reconstructed velocity with the brake field being switched off. The obtained velocity field represents the rather stable double vortex flow which is well known from previous work [10] . Note, however, that the velocity reconstruction is already quite complicated, since the significant deformation of the measuring field in the presence of the magnetic pole shoes must be taken into account. Figure 6 shows then the measured induced fields and the reconstructed velocity for the case that the brake field is switched on. Our reconstruction shows that the average position of the jet has shifted upward, and that the return flow appears now closer to the jet, even forming a third vortex at the top of the mould. We also confirm the observations of [23] that the magnetic brake, contrary to previous expectations, leads to stronger fluctuations.
While more detailed investigations of these effects are still necessary, it is quite remarkable that on the background of a strong brake field of 300 mT it is possible to measure safely the induced magnetic fields which are 6-7 orders of magnitude smaller and to reconstruct from them the velocity.
Conclusions and Prospects
In this paper, we have surveyed the basic ideas and some first applications of CIFT. Presently, work is going on to further improve the robustness and the signal-to-noise ratio under the harsh mechanical and electromagnetic conditions that would prevail, for example, in a real casting plant. The key role is played here by the use of AC excitation with a low frequency, which allows for filtering out environmental noise, and by employing gradiometric probes with a similar effect. The use of AC fields with different frequencies could further allow, at least in principle, for a better resolution in the depth of the fluid by utilizing the different skin depths.
A main challenge for applying CIFT in a real steel caster is certainly the up-and-down oscillation of the copper mould. Even if the measuring coil, together with the sensors, could be stably installed at the mould, one has to be aware of disturbing induction effects due to the relative motion of the mould to the rest of the facility.
Another possible application field of CIFT may be the Czochralski crystal growth of silicon. First tests have already been made at various pullers. The main problem here is the comparably large distance between the silicon melt to be monitored and the sensor positions outside the vessel. While some artificially strong flow variations, for example, a change of the rotation direction of the quartz crucible with a subsequent slow adaptation of the melt flow, were already successfully identified by CIFT, a more detailed reconstruction of the flow structure still seems to be beyond the limits of CIFT. On the laboratory scale, CIFT-like flow inference methods have also been used in connection with the identification of current-driven instabilities [24] and with the flow reconstruction in Rayleigh-Benard cells with liquid metal.
A most interesting but ambitious project would be to combine into one single scheme the CIFT method with the mutual inductance tomography (MIT) [4, 5] . A simultaneous but yet spatially separated application of both methods at the Mini-LIMMCAST facility was already documented in [13] . The question is whether both conductivity variation and the velocity field could be obtained by one single measurement system. A first step in this direction was the reformulation of CIFT in terms of the sensitivity matrix [25] .
